Spectrum
problems for

structures

arising from

lattices and
rings

Spectrum problems for structures arising from
lattices and rings

Friedrich Wehrung

Université de Caen
LMNO, UMR 6139
Département de Mathématiques
14032 Caen cedex
E-mail: friedrich.wehrung01@unicaen.fr
URL: http://wehrungf.users.Imno.cnrs.fr

August 2018



The spectrum of a commutative, unital ring

Spectrum

e m A proper ideal P in a commutative, unital ring A is prime

structures

S e if A/P is a domain. Equivalently, xy € P = (x € P or

lattices and

i y € P), for all x,y € A.

Hochster's
Theorem for
commutative
unital rings



The spectrum of a commutative, unital ring

Spectrum

e m A proper ideal P in a commutative, unital ring A is prime

structures

i o if A/P is a domain. Equivalently, xy € P = (x € P or
i y € P), for all x,y € A.

" m Endow the set Spec A = {P | P is a prime ideal of A}

ochster's e

Theorem for with the topology whose closed sets are those of the form

commutative
unital rings



The spectrum of a commutative, unital ring

Spectrum

e m A proper ideal P in a commutative, unital ring A is prime

structures

S e if A/P is a domain. Equivalently, xy € P = (x € P or

lattices and

i y € P), for all x,y € A.
m Endow the set Spec A = {P | P is a prime ideal of A}
e

Hochster's

Theorem for with the topology whose closed sets are those of the form

commutative
unital rings

Spec(A, X) = {P € SpecA| X C P},

for X C A.



The spectrum of a commutative, unital ring

Spectrum

LEARD s m A proper ideal P in a commutative, unital ring A is prime

structures

A if A/P is a domain. Equivalently, xy € P = (x € P or

lattices and

i y € P), for all x,y € A.
m Endow the set Spec A = {P | P is a prime ideal of A}
e

Hochster's

Theorem for with the topology whose closed sets are those of the form

commutative
unital rings

Spec(A, X) = {P € SpecA| X C P},

for X C A.

m This is the so-called hull-kernel topology on Spec A. The
topological space thus obtained is the (Zariski) spectrum
of A.



spectrum of a commutative, unital ring

Spectrum
problems for
structures

A proper ideal P in a commutative, unital ring A is prime
A if A/P is a domain. Equivalently, xy € P = (x € P or

lattices and

i y € P), for all x,y € A.
m Endow the set Spec A = {P | P is a prime ideal of A}
e

Hochster's

Theorem for with the topology whose closed sets are those of the form

commutative
unital rings

Spec(A, X) = {P € SpecA| X C P},

for X C A.

m This is the so-called hull-kernel topology on Spec A. The
topological space thus obtained is the (Zariski) spectrum
of A.

m Is there an intrinsic characterization of the topological
spaces of the form Spec A?
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problems for m A nonempty closed set F in a topological space X is
oo irreducible if F = AU B implies that either F = A or
s o1 F = B, for all closed sets A and B.

m We say that X is sober if every irreducible closed set

is {x} (the closure of {x}) for a unique x € X.

Hochster's
Theorem for

commutative m Set IK(X) = {U C X | U is open and compact}.

unital rings

m In general, U,V € IK(X) = UuVe fK(X)
However, usually U, V € .‘K( ) A UNVe iK( ).

m We say that X is spectral if it is sober and fK(X) is a basis
of the topology of X, closed under finite intersection.
Taking the empty intersection then yields that X is
compact (usually not Hausdorff).

m Spec A is a spectral space, for every commutative unital
ring A (well known and easy).
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Theorem (Hochster 1969)

Every spectral space X is homeomorphic to Spec A for some
commutative unital ring A.

Hochster's
Theorem for
commutative

unital rings m Moreover, Hochster proves that the assignment X — A
can be made functorial.

m In order for that observation to make sense, the
morphisms need to be specified.

m On the ring side, just consider unital ring homomorphisms.

m On the spectral space side, consider surjective spectral
maps. For spectral spaces X and Y, amapf: X —> Y'is

spectral if f71[V] € K(X) whenever V € K(Y).
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binary operations on a set L such that there is a partial
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m A 0, 1-lattice homomorphism is a lattice homomorphism
f: K — L, between bounded lattices, such that
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m A subset / in a bounded distributive lattice D is an ideal
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m For a bounded distributive lattice D, set
Spec D = {P | P is a prime ideal of D}, endowed with

the topology whose closed sets are the sets of the form

Stone duality SpeC(D, X) d:f {P € SpeC D | X g P}, for X g D’
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and we call it the spectrum of D.

m It is well known that the spectrum of any bounded
distributive lattice is a spectral space.
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Theorem (Stone 1938)

The pair (Spec, K) induces a (categorical) duality, between
bounded distributive lattices with 0, 1-lattice homomorphisms
and spectral spaces with spectral maps.

Note that in Hochster's Theorem’s case, we do not obtain
a duality (a ring is not determined by its spectrum).
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commutative unital rings, and also spectra of bounded
distributive lattices.

Stone duality
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then < is an ordering (i.e., x <y and y < x implies that
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m The question, of characterizing /-spectra, is open since
then.
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Theorem (Delzell and Madden 1994)
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£ .
£roups Not every completely normal spectral space is an /-spectrum.

Delzell and Madden's example is not second countable (i.e., no
countable basis of the topology): in fact, it has

card K(X) = Ny.
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rings

Every second countable completely normal spectral space is
homeomorphic to Spec, G for some Abelian ¢-group G with
unit.

m Hence, Delzell and Madden’s counterexample cannot be
extended to the countable case.

m Very rough outline of proof (of the countable case): start
by observing that for any Abelian ¢-group G with unit, the

¢-spectra of Stone dual of Spec, G is Id. G, the lattice of all principal
Pl (-ideals of G (ordered by C).
m Since G has an order-unit, Id. G is a bounded distributive
lattice.

m Thus we must prove that every countable completely
normal bounded distributive lattice D is = Id. G for some
Abelian /-group G with unit.
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o m This is made possible by the Baker-Beynon duality, which
implies that Idc F,, = Op~(Hz), where 3z denotes the
(countable) set of all integer hyperplanes of R).

m Each enlargement step, from f, to f,11, corrects one of
the following three types of defects:

m (hard) f, is not defined everywhere: then add a pair
(HT, H™) to the domain of f;;

{-spectra of

Abelian m (easy) f, is not surjective: then add an element to the

s range of f,;

m (hardest) f, is not closed: then let f,;1 correct a closure
defect 1,(Ag) < (A1) V7.
m A crucial observation is that each Op(H) is a Heyting
subalgebra of the Heyting algebra of all open subsets of E.
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m Equivalently, D is the Stone dual of Spec, G for some
Abelian ¢-group G with unit.

m By the above, a countable bounded distributive lattice is
l-representable iff it is completely normal.

m By Delzell and Madden’s example, this fails for
uncountable lattices. In fact,

Theorem (W. 2017)
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The class of all /-representable lattices is not % ,-definable
(thus, a fortiori, not first-order definable)

Analogous result for £, \ (for an infinite cardinal \):
proof currently under verification.
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Coste-Roy, as an ordered analogue of the Zariski spectrum
of a commutative unital ring.
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m |t turns out that Spec, A is a completely normal spectral
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Theorem (Mellor and Tressl 2012)

For any infinite cardinal A, there is no £, \-characterization of
the Stone duals of real spectra of commutative unital rings.
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fstices and It is known that every closed subspace of an ¢-spectrum (resp.,
real spectrum) is an ¢-spectrum (resp., real spectrum).

Theorem (W. 2017)

Not every spectral subspace of an ¢-spectrum (resp., real
spectrum) is an ¢-spectrum (resp., real spectrum).

Problem (W. 2017)

Is a retract of an /-spectrum also an ¢-spectrum? Same
question for real spectra.
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m For any class X of spectral spaces, denote by SX the class
of all spectral subspaces of members of X.
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m For any class X of spectral spaces, denote by SX the class
oo of all spectral subspaces of members of X.
fstices and m Then introduce the following classes of spectral spaces:
m CN, the class of all completely normal spectral spaces;
m ¢, the class of all /-spectra of Abelian /-groups with unit;
m R, the class of all real spectra of commutative unital rings.

Theorem (W. 2017)

All containments and non-containments of the following picture
are valid:

CN = SCN
|
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m All the separating counterexamples, intervening in the
result above, have size Ny, except for the counterexample
constructed for S€ ; CN, which has size N,.
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i m All the separating counterexamples, intervening in the
result above, have size Ny, except for the counterexample
constructed for S€ ; CN, which has size N,.

m Most of the examples constructed for the theorem above
involve the construction of condensate (Gillibert and W.
2011), which turns diagram counterexamples to object
counterexamples, with a jump of alephs corresponding to
the order-dimension of the poset indexing the diagram
(thus X1, Ny, and so on).
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Thanks for your attention!
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