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m There are numerous mathematical problems stated as
“Describe all structures M such that o(M)".

m This looks more like a solution than a problem. This, in
turn, boils down to: What does “describe” mean?

m We present a method enabling to verify that a given class
{M | (M)} cannot be “described” in certain ways.
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In that particular case, this will lead to an intractability result.
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The assignment R — Id R, from rings to posets, can be
extended to homomorphisms.

Ideals of rings m Amap f: R— S is a homomorphism if £(0) =0,
f(1)=1, f(x+y)=f(x)+ f(y), and
f(x-y)="F(x)-f(y) Vx,y € R.

m For such a map, we can definea map Ildf: IdR — Id S,
X — ideal generated by f(X). This map is
order-preserving (in fact it preserves arbitrary ideal sums).

m We say that the assignment Id is a functor: defined on
objects, extended to morphisms, natural rules

(Id(fog) = (Idf) o (ldg), etc.).
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functors m Any ideals X and Y of R have a greatest lower bound,
namely X NY.

m This can be expressed by saying that the poset (Id R, C)
satisfies the following sentence:

Ideals of rings

(vx)(vy)(az)(w)((t <xandt<y)et< z) . (Meet)

m The above is an example of a first-order sentence in the
vocabulary which consists of a single binary relation
symbol <.

m In order to improve legibility, use abbreviations.
m For example, (Vt)((t <xandt<y)&t< z) (a
subformula of (Meet)) is often denoted z = x A y.
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eslzeines (VX)(Vy)(Vz)(z < x=xA(yVz)=(xAy)Vz)
(Mod)
(note the use of the abbreviations z=x ANy, z = xV y).
m The sentence (Mod) is not satisfied by the pentagon Ns
above (take x 1= a, y := b, z := ¢).
m Therefore, N5 does not appear as (Id R, C), or even as a
sublattice of (Id R,N,+), for any ring R.

However, (Meet), (Join), (Mod) are still not enough!

More complicated first-order sentences come up (e.g., the
Arguesian law).
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m For any ring R, the poset (Id R, C) is a complete lattice:
every set {X; | i € I} of ideals has a greatest lower bound

el of e (Nics Xi and a least upper bound ., X;

m Stating the existence of greatest lower bounds or least
upper bounds, of possibly infinite subsets, is not first-order.

m A possible way back into first-order is to express everything
in terms of the poset (Id. R, C) of finitely generated ideals
of R (the “c” in Id. stands for “compact”).

m Id. R satisfies (Join), but not always (Meet). The (Mod)
of Id R can be translated to a first-order sentence for Id. R.

m |d R and ld: R can be obtained from each other: in that
sense, describing one is describing the other.
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Intractability

for images of A (finitary) vocabulary consists of a set of relation
Certain. symbols, a set of operation symbols, on which is defined a

map to the natural numbers, the arity map ar.

m Relation symbols have nonzero arity. Symbols with arity 0
are constant symbols.

Infinitary logic m In the example of rings above, there are two operation
symbols + and -, with ar(+) = ar(-) = 2, and two
constant symbols 0 and 1 (so ar(0) = ar(1) = 0). In the
example of posets above, there is one relation symbol <,
with ar(<) = 2.

m Terms of a vocabulary v are (formal) compositions of
operation symbols of v. Atomic formulas have the form
s=tor R(t1,...,t), for terms s, t, t; and n-ary relation
symbols R.

m For formulas ¢ and 1 of v, their disjunction ¢ V ¥, their
conjunction ¢ A, and the negation —g are also-formulas.
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functors (Vx)p are both formulas.

m A sentence is a formula without free (i.e., not bound by
either 3 or V) variables.

Infinitary logic m A v-structure is a nonempty set M, together with subsets
RM C M" for R € vyq and ar(R) = n, and maps
fM: M" — M for f € Vope and ar(f) = n. Notation:

M € Str(v).

m Satisfaction, of a formula with parameters (free variable
assignment) in a model M, is defined by induction of the
complexity of the formula: for example, M |= (3x)¢(x, 3)
means that there exists b € M such that M = (b, 3).

m For example, a semigroup M = (M, -) is commutative iff
M |= (Vx,y)(x -y =y - x).
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infinite model (follows from the compactness Theorem).

m On the other hand, finiteness can be expressed in infinitary
logic (see below).

Infinitary logic m For infinite cardinal numbers k > A, let Z,;\(v) be the set
of “infinitary formulas” of v, defined in a similar way as
first-order formulas, except that:

The arities, of symbols in v, may be ordinals < A
(Example: Banach spaces, with A = wy);

Iterated disjunctions \/;_,»i and conjunctions A\, ¢i,
with card | < k and the ¢; have < A free variables
altogether, are allowed;

Quantifications J;¢;x; and Vg x;, with card | < A, are
allowed.

m Hence, Z,,(v) is the set of (ordinary) first-order formulas
of w.
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Examples of infinitary sentences

Intractability
for images of
certain

functors ..
\X/n<w (Eli<nXi) (VX) \X/i<n (X o XI) ’
m Countability can be expressed by a single .Z,,,.,, sentence:
Infinitary logic
< I<wXI) VX) \X/ X = X,
m Similar for well-foundedness of a given poset:

(V;<in> (/X\i<w(xi+1 <x) = \W/,_ (1= Xi)) :

m Archimedean property (for partially ordered Abelian
groups) can be expressed by an .Z,,,, sentence:

(Vx,y) (/X\n<w(nx <y)=x< 0) .

m Finiteness can be expressed by a single .Z,,,., sentence:
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A little background in category theory
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certain
functors

m Formally, categories are classes of objects related by
arrows (“morphisms”). Invertible arrows are isomorphisms.
Isomorphic objects are “the same”.

m Formally, a category 8 consists of two disjoint classes Ob 8
Anti class Ob 8 (the “objects” of 8), Mor 8 (the “arrows” of 8),
Sy such that every arrow f is assigned two objects d(f) (the
“domain” of f) and r(f) (the "range” of f) — in notation
f:d(f) — r(f) — together with “identities” ida (for

A € Ob8) and a partial binary “composition” operation
(f,g) — f og on Mor§, with natural rules (e.g.,
fo(goh)=(fog)oh whenever one side is defined,
foida = f whenever f: A — B, etc.).
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A few examples of categories
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for images of
certain
functors

The category Ring of rings can be defined by Ob Ring =
the class of all rings, Mor Ring = the class of all ring
homomorphisms (f(x + y) = f(x) + f(y), etc.).

m Keeping the same objects, but changing the morphisms
Anti- (e.g., use only ring embeddings) modifies the category.

elementarity

m For any vocabulary v, the class Str(v) of all w-structures
with v-homomorphisms is a category.

m The class Set of all sets, with all maps, is a category.

m For any set ©, we will consider later the category [Q]™ of
all subsets of Q with one-to-one maps f: X — Y (where
X,Y C Q) as arrows; it is a small category.
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Functors, colimits
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for images of m A functor ®: P — 8, between categories P and 8, sends

certain

e objects to objects and arrows to arrows, with natural rules
(i.e., q)(ldA) = idq)(A), (D(f Og) = (D(f) @) (D(g))

m A particular case is the one where P is the category
associated with a poset P: that is, Ob P = P, and there is

Antic a necessarily unique arrow from p to q iff p < g. A functor

ClemEEy from P to § is then a P-indexed commutative diagram,

denoted S = (Sp,0p.q | P < g in P). Here, 0, 4: S, = S,

all opp =1ids,, and 0p, = 0¢,r 0 0p g Whenever p < g <r.

m It may happen that the diagram above has a colimit

S, 25§
Y,

(S.oplpeP)=limS. o,

Q

Q
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A-directed colimits, A\-continuous functors

Intractability

o — m If, in the above, A is an infinite regular cardinal and P is a

certain

functors A-directed poset (i.e., every A-small subset of P has an
upper bound), we say that the colimit S = I|_n_*|> Sis
A-directed.

m A functor ®: 8§ — T is A-continuous if it preserves

A-directed colimits, that is,
gztmléntarity

(SaC’p|P€P):“Lf;(5paC’P,q|P§qin P),
with P \-directed, implies

(®(5), ®(0p) | p € P) = lim(®(Sp), ®(0pq) | p < qin P).

m The functor Id. on rings (seen above) is w-continuous.
The functor Id. (finitely generated closed ideals) on
C*-algebras is wi-continuous.
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A categorical statement implying elementarity
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for images of

ertain m Recall that for any set Q, [2]"™ denotes the category of all
subsets of Q with one-to-one functions.

m For a vocabulary v, a map f: A — B between
v-structures is an %, -elementary embedding if
A= ¢(3) & B | p(fa) whenever p € £\ and J'is a
bt list of parameters from A.

elementarity

Proposition (W 2019)

Let A be an infinite regular cardinal, let v be a first-order
language, let Q be a set, and let I': [Q]™ — Str(v) be a
A-continuous functor. Then for every f: X — Y in [Q]" with
card X > A, [(f) is an Zox-elementary embedding from '(X)
into I'(Y).
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Anti-elementarity

Intractability

for images of Definition

certain

functors A class C of objects, in a category 8, is anti-elementary if there
are arbitrarily large cardinals A < x with A-continuous functors
[: [k]™ — 8 such that [(\) € C and I'(k) ¢ €.

Antic m If 8 consists of w-structures, then, by the Proposition
elementarity above, T'()) is an £ x-elementary submodel of (k).

m In particular, € is not closed under £, \-elementary
equivalence; hence it is not the class of models of any
class of £, -sentences.

m We shall outline a method making it possible to establish
anti-elementarity for many classes. Those classes will

always be images of functors (for a functor ®: A — B,

im® < {B | (34)(B = &(A))}).
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A few useful categories

Intractability
for images of
certain
functors

f C : :
m DLatg o category of all distributive lattices with zero,
with O-lattice homomorphisms.

Anti- = SlLaty & category of all (V,0)-semilattices, with

elementarity X
(V,0)-homomorphisms.

def . . .
m CMon = category of all commutative monoids with
monoid homomorphisms.



Functors for which the method works

Intractability
for images of
certain

functors Theorem (W 2019)

The images of the following functors are all anti-elementary:

Csc: § — DLatg, G > lattice of all order-convex
f-subgroups of the ¢-group G; for any class G of /-groups
o ity containing all Archimedean ones.
Idc: R — SlLatg, R+ semilattice of all finitely generated
two-sided ideals of R, for many classes R of rings,
including all von Neumann regular rings and all rings.

V: R — CMon, R — nonstable Kp-theory V(R) of R, for
many classes R of rings, including all von Neumann
regular rings and all C*-algebras of real rank zero.
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General (categorical) method

Intractability
for images of

certin m We are given a functor ®: A — B. We want to prove that
unctors . - .
the image of ® is anti-elementary.

m We assume that there are a poset P of a certain kind
(typically, but not always, a finite lattice) and a

(necessarily non-commutative) P-indexed diagram Ain A,

such that
PA! (now a P'-indexed diagram) is a commutative
i s diagram for every set / (we say that A is ®-commutative);

There is no commutative P-indexed diagram X in A such
that PA= O X.

Theorem (W 2019)

Under quite general conditions, the above implies that the
image of ® is anti-elementary.
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Outline of the construction

Intractability
for images of

I We are given the poset P (say a lattice with 0) and the
non-commutative diagram A as above.

m For any large enough infinite regular cardinal A, we need
to find a cardinal x > A and a A-continuous functor
[: [k]™ — B such that [(\) € im® and (k) ¢ im ®.

m There is an explicit description of that functor ', namely

Getting the r(v) def F(P(U)) ®a\> A for every set U.

functor I

m Easy part of that description:
P(U) déf{(a,x) lac P, x: X = U, X finite, a= \/X}

with (a,x) < (b,y) iff a < b and y extends x, and
additional map 9: P(U) — P, (a,x) — a.
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Boosting and Armature

Intractability Recall that T'(U) def F(P(U)) ®q’\> A, for every set U.

for images of
certain
functors

Theorem (W 2019)

Under quite general conditions,
F(A\) € im® (follows from “Boosting Lemma”; that's
algebra);

For large enough «, (k) ¢ im ® (follows from “Armature
Getting the Lemma"; uses infinitary combinatorics).

functor I

m If P has order-dimension n and A = X, then one can take
K=Rq4n-1.

m For most examples under discussion,
P =93] ={9,1,2,3,12,13,23,123} (the cube).

m It has order-dimension 3, thus one can take kK = Ny 4o
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The diagrams S and ﬁk

R & On 2% (0,11 e(x) % (x,x), 506 y) X (v, %),

certain

functors P(X y) E X_|_y

h(x. y) def <x: 0>.

0 y
M (k)
/ \ / h X
st o 2’ e R
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\/ H | >7 X
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Basic properties of S and /-?k
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functors

S is a commutative diagram of finite bounded semilattices
(originates from the search for CLP, late nineties).

m Ry is not a commutative diagram (for (g 3) # (y O)

0 x
as a rule; that is, hos # h).

= 1d.(Ry) = S canonically.

m In fact, the diagram ﬁk is ldc-commutative, that is,
orablem on Idc (RY) is a commutative diagram for every set /.

ideals of rings

m There is no commutative diagram R of rings such that
Idc(R) = S (origin: late nineties, cf. W 2014; a bit more
needs to be proved).
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Anti-elementarity for ideals of rings

Intractability Putting all those results together, we obtain:
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functors

Theorem (W 2019)

For any subcategory R of Ring containing some ﬁk, closed
under products and A-indexed colimits for large enough A, the
class Id. R is anti-elementary.

m In particular, there is no infinite cardinal A such that
def

ldc(Ring) = {ldc R | R ring} is the class of models of
Back to the some class of £, sentences.
Plenls of vngs m Id.(Ring) is a so-called projective class, here PC( %000 )-

This means that it is the class of all <-reducts of the class
of models of an %, sentence in a larger vocabulary.

m A closer look shows that Id.(Ring) is not co-PC. This
extends to all cases (nonstable K-theory, ¢-groups. . .)
considered above.
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